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1. Introduction.

n this report a class of second order linear partial differential
:quations in two independent variasbles will be treated,

1.1) e Lo+ Lo = h(x,y)

here L1 is a second order uniformly elliptic p.d.o., L2 a first order
«d.o., h(x,y) a given function and € a small positive parameter. The
unction ¢ satisfies the differential equation in a bounded domain G
n R2 and takes prescribed values along the boundary of G. Under
ertain conditions a uniform first order approximation of the solution
of this singular perturbation problem will be given. This kind of
ingular perturbations has been treated among others by Levinson Dﬂ,
ishik & Lyusternik Eﬂ, Eckhaus & de Jager Eﬂ and Frankena [2]. In
ﬁ] an iteration procedure is given to determine an approximation of
up to a certain order of e depending on the differentiability proper-
les of the coefficients of the operator and the differentiability of
1e other parameters of the problem., This approximation is uniform in
convex domain G from which small neighbourhoods of the "end"-points
and B are excluded. The boundary points A and B are characterised
y the fact that the characteristics of L2 through these have no other
>ints in common with 3G. In their proof Eckhaus & de Jager assume that
le parametric representation of the boundary is C6 and that the other
irameters are C3 to get an approximation of order O(e).
In this report attention is paid especially to approximations of
>lutions of the problem for which some part of the boundary and/or
\e boundary value function is non-differentiable. It will appear that
" means of a regularization procedure a uniform first order approximation
mn be given even in the case where a part of the boundary and the boundary

lues are required to satisfy a HSlder condition only.




aitions:
a2 32 2
L. = a(x,y) —= + b(x,y) + c(x,y)
1 2 2
ax 0x 0y : oy

0 )
+ d(x,y) Py e(x,y) 3; + £(x,y)

ac - b2 > 0 on G because of the ellipticity of L,; furthermore

1;
. assumed that a(x,y) > 0 on G.

=_ 3

g(x,y) > 0 on G.

a domain in R2 bounded from above by

{(x, Y+(X))] X, <x<x.}

1 2

rom below by

{(x, v _(x))] X £ x < x} g

d y_ are HOldercontinuous and piecewise continuously differentiabl
1,xé] such that Y+(xi) = y_(xi) and y+(x) >y (x) if x # X
= 1,2,

rescribed boundary values of ¢ are

2(x, v, (x)) = ¢, (x)

(x, v_(x)) = ¢ (x).

ler that the problem may certainly be uniquely solvable, it is
:d that the coefficients of L, and L,, h(x,y), ¢, and ¢_ are at

H6ldercontinuous.




Votation:

\ real function f is called C™% if it is m times differentiable and
the m-th derivative is uniformly HSldercontinuous with exponent a;
lere m is a non-negative integer and a a positive real smaller than or
:qual to 1; sometimes the domain D of the function will be specified
)y writing: f‘éiCm+aDﬂ.

'he Landau O-symbol will be used, but for typographical reasons we

7111 usually write O(ej;)A) instead of O(-EA)=

The author is indebted to prof.dr. E.M. de Jager for stimulating

liscussions about the subject and for carefull reading of the manus-

ript.




The maximum principle and its consequences.

n this section some lemma's will be given, which are based on the
mum principle for elliptic boundary value problems. These lemma's
be used in §§4-5 in order to prove the validity of the asymptotic
oximations of the solution of the boundary value problem (1.1)-(1.2)

. [1] s2).

1e maximum principle may be formulated as follows :

2 twice continuously differentiable function ¢ attains a positive

num in an interior point (xo,yo) of the domain G and if f(xo,yo) <0
* 1

L2 <0 in (xo,yo)' (c.f. Bﬂ).

this well-known principle one easily derives the following lemma:

2,1

pen)

and Y are 02 functions on G, and if

f<0onG
® < ¥ on 9G
L1® > LTW in the interior of G

also

¢ < ¥ in every point of G.

't If ¢-¥ attains a positive maximum in the interior of G, then

QI < 0 according to the maximum principle. This is in contradiction
the assumption L1® > L1W and so ¢-Y attains no positive maximum

e interior of G. From ¢-¥ < O on 3G it follows that 9-¥ cannot

n positive values in G. Hence ¢ < ¥in G,

¢ ¥ is called a barrier function (from above) for 6.




semma 2.2 (c. theorem IIT)

[f @E satisf-

+ L2)<DE = h(x,y3e) for (x,y) & G

0(e3v) uniformly on 3G

ith 0 < v < h(x,y,e) = 0(e;v) uniformly in G,
hen

y) = 0(e3;v) uniformly in G.

Toof: Let y, e minimum of y (x), let M be a posit
uch that lhE e’ on G and I@E’ | <M e’ on 3G a
oG —

ositive real r such that 1 - € e(x,y) > a on G if
nough. Defin w(x,y) = {&-(y—yo) + 1IM ev, then w
arrier funct r @E.
t is easily hat

<won G
nd

) >h =1 & > L W,

- £ € € — £

>, according ma (2.1) we have

<w = 0(ejzv)

1iformly on (




§3. Regularization

From lemma 2.2 we see that an approximation of the solution of a
boundary value problem, as defined in §1, must satisfy the differential
equation and the boundary conditions at least approximately; moreover
we see that the approximation, which depends functionally on the
approximated parameters, must just like the solution itself be two
times differentiable at least. So first a device, called regularization,
will be given to approximate the boundary value functions by suitable
ones.,

Define the function

¥(x) = ;35 (1 —‘% xg)exp -x,
then we have
(3.1) f\y(x)axﬂ
0: 2
(3.2) J x“ ¥(x) dx = 0
(3.3) J Ty ax=0  VYrew

The regularization of a uniformly bounded continuous function f is now
defined by

€ A
£

(3.4) £ (p) = e~ J( f(x) \y(ﬁ) ax

where A is a positive parameter; this parameter will be chosen later on

to optimalize estimates of the difference between solutions and
approximations. The regularized function r_ is a C -function that converges
uniformly to f if e tends to zero (c.f. [3] theorem 1.2.1) and it is

easily seen by partial integration that

(3.5) (£)' = (£")

€ €

if £ is differentiable.




furthermore we have the following uniform estimates of f and its
lerivatives if re <t [R]:

O(esA(k+a-i)) if 0 <k-1i <3
O(esla) if k-1 > L

3.7) |f£i)] = 0(e; min{0,k-i+a})

'emark: It 1s possible to choose instead of ¥(x) a product of another
olynomial and exp-xg, such that integrals containing higher even

owers Of x also vanish and such that the estimates analogous to (3.6)
ecome better if k-1 i_hu For the present purpose however they are not
eeded for we do not regularize boundary value functions that are more
han three times differentiable; singular perturbation problems with
oundary value functions of class 63 can be treated without regularizatio

s 1s done for instance in the approach of Eckhaus & de Jager,

he proof of formula (3.6) will be given for i = 0 and k = 1 and k = L
ormula (3.7) will be proved for k = 0 and i = 1. If k-i+q >0, (3.7) is
bvious and the proofs of the other cases of (3.6) and (3.7) are

nalogous to the proofs given.

roof of 3.6

+
If fe ¢ %, then

f(p+h) = £(p) + h £'(p+6h) (0 < & < 1)
1d so

|£(p+h) - £(p) - n £'(p)| < |n| |£'(p+6h) - £'(p)| = o(hj1+a).

nece ©




) £ (p) - £(p) = ¢ f (£(t+p) - £(p) - ¢

1 certain positive constant K we then have

[o9]
F

lfs(p) - f(p)| <k e J |t|1+“[w(efkt)|

00

[oe]

< K EA(1+a) J |SI1+a lW<s

=00

= 0(ejn(1+a)).

iIse of the fact that

[e<]

f - f(h)(p) v(e ) at + 0,

-C0

nalogue of (3.8) is not true and we get

, if r e c*[R],

£1(p) = 7 J 2(x) 3 Y ax
_ =X w, d -\
= ¢ f (£f(p+t) - £(p)) = Y(e "t)

1ere exists a positive constant K, such that

(s

|fé(p)| <Ke? f |+* e~ w'(e"xt)l at

-—C0
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\symptotic solutions for non-differentiable boundary values.,

®t us return to the problem defined in (1.1-2) and assume that

the coefficients of the operator and h are 03(6)
3
) Yy_eC I:x1 ,xejl
L
) Y, €C [x1 =X2—_l
k+o.
¢, and ¢_e& C [XVXQ-]
with k = 0,1,2 and 0 < a <1

 noted that the right and the left derivative of Y, and y_ in

d X, respectively must be finite.

. 83 of their paper ([ﬂ) Eckhaus & de Jager give an asymptotic
ximation of the solution ¢ of the problem assuming much stronger
rentiability conditions. In this report their proof will be

ified by using another local coordinate system in the boundary

. Moreover with the aid of approximations of the boundary wvalue
ions by regularization a method for approximating ¢ will be given
e case that ¢+ and ¢_ are non-differentiable. Later on also the

rentiability conditions of the lower boundary will be weakened,

thout loss of generality we may assume from now on that the upper
ary is a straight line; otherwise a coordinate transformation may

rformed, namely
(x,y)‘-*(u,v) = (X:y - ’Y+(X))-

unctional determinant of this transformation equals 1, so the
tic character of the operator L1 remains unchanged; all other
sions also remain unchanged, except for the fact that the
icient of g; in L1 is C2 and no longer C3, but this will not

> the proof.

L1 appear that a boundary layer must be constructed along the
boundary. With this assumption about the upper boundary the
hing of the coordinates in the boundary layer has become very

*y namely y = en.
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In the boundary layer the operator ¢ L1(x,en) + Lg(x,sn), in which
the stretched coordinate is substituted, can be expanded into powers
f €.

ng v = en sives S < 1
(he stretching y = en gives 3y e o
ind expansion of coefficients of L1 and L2 then yields

b(x,en) = b (x) + en b, (x,en)
c(x,en) = cy(x) + en c (x) + e%n? c,(x,en)
e(x,en) = eo(x) + €n e1(x en)
g(x,en) = go(x) + €en (X en) .
3

ere bO’ cys © and go are C

. 2 :
c, 1s C [§1xé1
b1, e1 and g1 are Ceﬁﬂ,

¢, is C'Bﬂ.

he operator ¢ L1 + L2, expressed in local coordinates, can be expanded

0

nto powers of e:

e L, + I, -% M +M +eM

1 1 2
here
- o 9

an
52 3

M (x,m) = n e, (x)Bne + 2 by (x)5— eo(x)37 - g, (x)

2 52 2
M2( ,n) = al(x en);;g + 2n b1(x en)a 5Tt cg(x,en)an

3 9
+ d(X,sn)ax + 1 e1(x,€n)an + f(x,en) - n g1(x,sn)o

:cause of the uniform ellipticity of L, and the positivity of a(x,y)

1 G, we also have c(x,y) > 0 and so co(x) > 0 on E§1,xé].
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rem 1.

nder the conditions (L4.1) and (4.2) and, moreover, if yl(+x1) $ 0
y:(—xg) + 0, a function ¢, can be constructed such, that for the
tion ¢ of (1,1-2) we have

. k0
- ¢, = O(e; min{1, —5—})

£:

>roof is based on the construction of a function @O that approximately
.1s the boundary conditions and for which (e L1+L2) (@—@O) is
)rmly smally with lemma 2.2 it then follows that @—@O is small

rwhere in G.

ttend ¢, and ¢_ to be functions on R by
fi(x) 1
9,.(x) 5

lefine $;+ and “bg_ as their regularizations.

1

¢+(x1) if x < x

¢+(x2) if x > x
we define w(x,y) to be the solution of the reduced equation of (1.1)

- <§; + g(x,y))w(x,y) = h(x,y)

equals ¢€_ at the lower boundary of G.

define p and q by

Y M
p(x,y,t) = J h(x,n) exp{ - f v(x,z)dz} dn ,
% n

ve

wix,y) = ¢ (%) - ploy, v_(x)) - o__ alx,y,y_(x)).

this we see that w is linearly dependent on ¢€_, so there exists

itive constant K for which
le Ll < ek Clo |+ lo! | + Jort])
scause of (3.7)

e Lw = O(e; 1 + min{0, A(k+a-2})

>s uniformly on G.




13

In general the function w(x,y) does not fulfil the upper bounda:
ondition and an adaptation should be made in a neighbourhood of ti
lpper boundary.

:f we define the function p(x) by

p(x) = ¢

€+(X) - W(X;O)’

'e have obtained a new boundary value problem, which must be fulfil

7y the correction function, namely

€ L1 vix,y) + 1, vix,y) = 0

ith boundary conditions

v(x,0) = p(x) (at the upper boundary)
v(x, v (x)) = 0 (at the lower boundary)-

0 approximate the solution we stretch the ordinate Yy = en, we deve
(x,en) = vo(x,n) + € VT(X, n) + ...,

nd solve the zeroth and first order reduced equations,

MovO =0
with vo(x,O) = o(x) and lim vo(x,n) =0
n-—>_.oo
ad
Movy = = Myvy
with v1(x,0) = 0 and lim v1(x,n) =0 .
n—)...oo
1e solutions are
1.6) v.(x,n) = p(x) exp n
’ 0'™? co(x)

. -
0% = 2 Sp¢y)e ¢
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s obvious that p is linearly dependent on ¢€+ and ¢€ 3 hence
3 1
s linearly dependent on ¢€+ and ¢s- and v, on ¢€+ and ¢?i‘

n the same way as in (L.4) and (4.5) we may conclude

2 My vl <k (o b To |+ Tod l+ Tol |+ Jolt] + Jer1])

= 0(e; min{0,A(k+a=2})
)) ,M1 v1[ <K (|¢€+| + .uvee + ¢'') = 0(e; min{0,A(k+a-2})

:) |M2 v1]‘5_K'(]¢€+l + e, + [¢''1]) = 0(e; min{0,x(k+a=3)}).

: define @O as

oo(x,y) = wix,y) + v

it is clear that

_ 2
(e L1+L2)[¢—¢O] =elw+e M, v. +e M, v, + ¢ M2 v

1 2 0 1 1

O(es min{1,A(k+a-2) + 1, A(k+a-3) + 2}).

estimate, necessary for the application of lemma 2.2, is wvalid

n the domain G.

ve give an estimate for ¢ - @O at the boundary 3G.

the upper boundary we have

2,(x,0) = w(x,0) + vo(x,0) + ¢ v (x,0) = ¢_, (x)

e+

rom (3.6) it follows that

) ¢(x,0) - ¢0(x,0) = ¢+(x) - ¢ (x) = 0(eyn(k+a)).

e+
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At the lower boundary we have the relation

25 (x,v_(x)) = wix,y_(x)) + vo(x,év_(X))+ € v1(x,£v f

lere

w(x, Ty (x)) = ¢ (x) = ¢_(x) + O(e3n(ksa).

.f o > 0 we have the estimate

]

Lh.11) x exp =X = O(e3a) uniformly for x < O,

€
- (x) )
€

Y_
o the factor exp ix %) ° contained in Vs is uniformly
ounded, for y_(x) < 0 and cg(x) is strictly positive. Furthermore,
S was already mentioned, v, is linearly dependent on ¢s+ and ¢é+;

ence we have the relation
vyl < ®Clog b+ To |+ Jol, 1+ [o1_|) =
= 0(ey min{A(k+a=1), 0}).
inally we need an estimate of
k.12) vO(x,é»y_(x)): fo.,(x) =9 _(x) + p(x,0,y_(x)) +

)

T (
e c.(x

X
+ ¢€_ Q(st:Y_(X))} exp

0
rom the definition of p and q it is easily seen that there exists

nstant K1, such that

IP(X,O,Y_(X)) + ¢€_q(x509Y_(X))| iK1 IY_(X)I

1d with (4.11) it then follows that

Y_
(p + ¢__q) exp ;—gi%gy = 0(e).
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From assumption (4.2) and formula (3.6) it follows that

9ep(x) =0 _(x) = (¢_,(x) - ¢, (x)) + (¢,(x) - ¢,(x.)) +
+ (0_(x;) = 6_(x) + (o_(x) - ¢__(x))
= 0(e;r(k+a)) + O(x—xi; min{1,k+a})
for i = 1 and 1 = 23 because it was assumed that Y'(xi) + 0

there exists a constant c, such that

-y (Xl) z_c!x—-xi| (1= 132)

and with (4.11) it then follows that

,
(4,,00) = 6,_(x) exp = = o(esmin(1,kra, A(kta)}).

0

Combining these, we may conclude that
v (x,=y (x)) = 0(e; min(1,k+a, A(k+a)).
Hence we have

(L.13) @O(x,y_(x)) = ¢ (x) + O(esmin{1,k+a, A(k+a), A(k+a=1) + 1}).

By application of lemma 2.2 to the formulae (4.9), (4.10) and (L.13)

we obtain

(Lh,1h) o - %, = O(esmin{1,k+a, Alk+a), A(k+a-2) + 1, A(k+a=3) + 2}).

< A< and 1is

1 1
1+0o, 1-a

The maximum of the exponent is 1 if k = 2 and

k+a.

> ifk =0ork=1and A = 3, so finally we have

. k+o,
3 - ¢O = O(e3min{1, —5—})

uniformly on G.
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§5. Non-differentiable lower boundary.

The method of proving asymptotic properties with use of regulari-
zation can also be applied, if the lower boundary is non-differentiable.

So we arrive at the following theorem:

Theorem II.

Under the same conditions as theorem I, except that we now assume

for y_,

a. y_€ Cl+8|x

1,><;2| (1=0,1,2,3anda 0 < B < 1)
(5.1) b. y_ is at least piecewise continuously differentiable.
c. there exists a positive constant c, such that
y_(x) < —c|x - xil in a neighbourhood of the points (x1,0)
and (XQ’O)’
a function @O can be constructed, such that we have for the solution
f (1.1-2).

. k+o 1+8
® - @O = 0(e; min{1, = —5—}).

roof:

The proof goes along the same lines as the previous one and therefore
-t will not be repeated completely. Differences arise in the estimates
4.h), (4.8) and (4.13); only these will be reconsidered.

Apart from the boundary values ¢+ the lower boundary Y_ has to be
‘egularized also now, which results in ¢€+ and Yo The functions w,
o and v, are obtained by the same calculations as in §b, only v_

las to be replaced by Yo This results in

w(x,y) = ¢’€_(X) - P(stsYE_(x)) - ¢ (X) q(xsy’YE_(X))

€—
n

co(x) - olx

v.(x,n) = (¢

0 (x) - w(x,0)) exp

e+

= v _ ] 3 -
v1(x,n) {(boco 3 coc1)p egn + (gocO * e eo)p e,

=1 ' n_
- 2byey o In exp o

nd again

QO(X,Y) = W(xﬁy) + VO<X3'§) + € V‘](Xa}é)




t is e
niform

ollows

5.2a)

5.2b)

wthern

'
+? q)g-f

the 1
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seen that p(x,y,t) and q(x,y,t) are 3 functions with

nded third derivatives, hence by differentiation it

o(|¢;_y + |y;_l)) = 0(e; A min{0,k+a-1,1+8-1})

: 2 '
OClol [+ IvI_ b+ Tortl + Ivirl + Iv:_ 15+ oy D)
O(e3A min{0, k+o-2, 1+8-2})

OCler |+ woeve s [yl o+ ol y! |+ oiin * |y

O(e3x min{0, k+a-3, 1+8-3}).

: is linearly dependent on ¢, and w(x,0) and v, on

,0) and %;-w(x,o); hence the analogue of (L4.9) is
-Lg) (@-@O) = 0(e; min{1,A(k+a-2) + 1, A(1+B-2) + 1,
AMk+a=3) + 2, A(1+8-3) + 2})

oundary we again have

)

w(x,0) + VO(X,O) + € v1(x,0) = ¢E+(x)

= ¢,(x) + 0(e; Alk+a))

oundary we have

) = wlxy_(1)) + vy (e, d v(x) + e v (x,1 v (x)).

0 g - e -
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Because of (4.11), (5.2a) and the fact that v, depends linearly o

1
o _> ¢é_, w and w', we have the relation

v, = O(e; min{A(k+a-1), A(1+B=1), 0})

From the uniform boundedness of §§ and from (3.6) it follows that

v(x,y_(x)) = wlx,y (%)) +0(y_(x) - v__(x))

= ¢__(x) + 0(e;a(1+8))

= ¢ (x) + 0(e3;r min{1+B, k+al}).

Finally we need an estimate of

vo(x;éw_(xy)= {¢€+(x)—¢€_(x) + p(x,O,Ys_(x))+¢€_ q(x,O,yE_(x))} iz2X)
- {¢€+(X)—¢E_(X) + p(X’O’Y_<X))+¢€_ Q(X’OgY_<X))} eX :—})C—)-

+ 0(y__(x) - v_(x)).

We see that the estimate of this is exactly the same as the estime
(4.,12) except for the term O(YE -v_).

Hence we may conclude that
v (X,£~Y (x))= 0(e; min{1,k+a, A(k+a), A(1+8)}).
Combining these we have

(5.5) ®O(x,y_(x)) = O(e; min{1,k+a, A(k+a), A(1+B),

AMk+a=1) + 1, A(1+B=1) + 1})

Application of lemma 2.2 to (5.3), (5.4) and (5.5) and the optimal
choice of A, namely A = 3, yields the result

¢ - @ = 0(e; min{1,

kto 148
O 2 })0

2 -
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1/
xample: Let G be bounded by y = 0 andy = -(1-|x|) P, with p>1,
nd let the boundary conditions be

¢+(x) =0 and ¢ (x) = % sin %

1en @O 1s a uniform approximation of the solution of the boundary

alue problem with an error of order O(e; grﬁe

>, Conclusions.

In the preceding sections we have seen an application of mollifiers
» asymptotic theory. If the upper boundary (i.e. the boundary of
before it is transformed to a straight line) is non-differentiable,
ere is no point in regularizing it with this method. The original
undary must remain within the boundary layer along its regularization,
r otherwise the difference between the approximation and the upper
undary condition would be too large. Hence, if Y, is ¢% with
<a< 1, v, - Y4 must be of an order smaller than O(e) and so Aa
st be greater than 1. But then it is impossible to get a positive
der of € in the estimate of e.g. ¢ L1W, The coefficient of the
rm~%; of the operator L1, after application of transformation
,y)F—?(x,y—y€+(x)), linearly contains the second derivative of
+> SO, 1f the upper boundary was regularized before its transformation,

is coefficient is of order O(e; A(a-2)). Hence ¢ L1w is at least

order O(e; A(a-2) + 1) and it is obvious that we cannot have both
> 1 and A(a-2) + 1> 0 ,
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